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Network Architecture Activation Functions
Mathematical Model

Artificial Neuron Model

Bias
b
X O——w;
Activation
Function
Output
el x; O——w; — f —F

X, O——w,
Weights
Inputs: z1, ..., x,
Parameters: weights (synaptic coefficients) wy, ..., w,, and bias b
Activation function: f (transfer function)
n
Activation: h = > wjz; — b
j=1
Output: y = f(h)



Network Architecture Activation Functions
Mathematical Model

Types of Activation Functions

@ Linear function

df

h)y=h, —=1
[y =hn, =
Linear function
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Neuron's output is a linear combination of its inputs:
y=wix] + ... + wpT, — b
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Network Architecture Activation Functions
Mathematical Model

Types of Activation Functions

@ Step function

1, h>0
f(h)y=4q" .
0, otherwise
Step function
0.8
0.6-
—f1(h)
0.4
0.2
0

-2 0 2

The derivative is 0 for all h £ 0
Neuron's output is binary: all possible values are 0 or 1
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Network Architecture Activation Functions
Mathematical Model

Types of Activation Functions

@ Sign function

1, h>0

—1, otherwise

f(h) =
Sign function

— D)

-2 0 2
The derivative is 0 for all h £ 0

Neuron's output is bipolar: all possible values are -1 or 1
Both step function and sign function are threshold functions
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Mathematical Model

Types of Activation Functions

@ Softsign function

h a 1

J(h) = L+|h]” dh~ (1+|h])?

Softsign function

1
1
1
1
1
|
-2 0 2

Softsign is a smooth approximation of hard sign function
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Network Architecture Activation Functions
Mathematical Model

Types of Activation Functions

@ Logistic function

1 9 _

f<h>:m’ dh

fh)(L = f(h))

Logistic function

-2 0 2

Neuron's output is in range from 0 to 1
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Mathematical Model

Types of Activation Functions

@ Tanh function

eh _ e—h df

f(h):m7 %:1—f2(h)

Tanh function

—f(h)
—df/dh

-2 0 2

Tanh is a hyperbolic tangent function — shifted and scaled
version of logistic function

Softsign, logistic and tanh function are sigmoid functions
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Network Architecture Activation Functions
Mathematical Model

Types of Activation Functions

@ Rectified linear function

h, h>0 a 1, h>0

f(h) = . ‘
() 0, otherwise dh 0, otherwise
Rectified linear function

[ —f(h)
—df/dh

-2 0 2

The derivative is a step function
Neuron's output is non-negative
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Mathematical Model

Types of Activation Functions

@ Softplus function

df 1
=In(l+eh), —=—"—
Softplus function

3 —1(h)
—df/dh

-2 0 2

Softplus is a smooth approximation of rectified linear function
The derivative is a logistic function
Neuron's output is non-negative
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Mathematical Model

Types of Activation Functions

@ Gaussian function

-2 0 2

Gaussian is a symmetric function with maximum at zero
activation
Neuron's output is non-negative
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Network Architecture Activation Functions
Mathematical Model

Multilayer Perceptron

In neural networks the outputs of some neurons are transferred to
the inputs of other neurons

Networks without cycles (feedback loops) are called Feed-forward
neural networks (FFNN)

The input signal in FFNN propagates in one direction — from input
neurons to output neurons

Multilayer perceptron (MLP) is a special case of FFNN architecture

The input signal in MLP propagates from input neurons to output
neurons in layer-by-layer mode
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Multilayer Perceptron. lllustration

Input First Second Output
layer hidden hidden layer
layer layer

The architecture consists of: input layer, hidden layers, output layer
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Mathematical Model

Mathematical Model

Definitions:

M is a number of network’s inputs

L is a number of layers

K is a number of network's outputs

Ny is a number of neurons in [-th layer, [ =0, ..., L

ht = (B!, ...,thl)T is the [-th layer's activation, [ =1, ..., L

yh = (y!, ...,yéVZ)T is the [-th layer's output, [ =0, ..., L

/1 is an activation function of neurons in I-th layer, [ =1,..., L
Usually all neurons within layer have the same activation function

Inputs and outputs:

# network’s inputs is equal to the input layer size: M = Ny

# network’s outputs is equal to the output layer size: K = Np,
r=19y"= (21,...,227)7 is network’s input
y =y = (y1,...,yx)" is network’s output
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Mathematical Model

Network’s parameters:
Synaptic matrix of [-th layer, [ =1, ..., L:

l !
Wiy e WiN,,
wh=1 ..
'lUl 'lUl
Nj,1oo Ni,Ni—4

Vector of biases of [-th layer, | =1, ..., L:
b= (b, ..., by )"
Mathematical model:

hl — lelfl _ bl
y' = fi(h')
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Network Architecture Activation Functions
Training Problem Mathematical Model

MLP as a Mapping

The MLP can be viewed as a mapping from input domain 2 to
output domain ¥
P2 %

X e
T € I Yy

This mapping is characterized by MLP's parameters: synaptic
coefficients and biases of MLP’s neurons

Let's vectorize all parameters and denote them as w:
w = vec (Wl, L WE B bL)
The network’s output:
y = F(z;w)
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Example. Two-Layered Network
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Training Problem Mathematical Model

Universal Approximation Theorem (UAT)

Theorem (Cybenko, 1989)

Let ¢(-) be a nonconstant, bounded, and monotonically increasing
continuous function. Then, given any function f(x1,...,x),
continuous on the M-dimensional unit hypercube [0, 1], there
exist an integer N and sets of real constants «;, b; and w;j,
i=1,...N, j=1,..., M, such that we may define

N M
F(ajl,...,xM) :Zaigp Zwijl‘j—{—bi
i=1 j=1

as approximate realization of the function f(x1,...,znr):

|F(z1,...,xm) — f(x1, .., zm)| < e

for all € > 0 and for all 21, ..., 23 from unit hypercube [0, 1]
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Network Architecture Activation Functions
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Neural Interpretation of UAT

The universal approximation theorem is directly applicable to
multilayer perceptrons

Suppose:

x1,...,r)7 — the MLP's inputs

N — the number of neurons in MLP's hidden layer

w;j — the weights of hidden layer, i =1,...,N, j=1,..., M
b; — the biases of hidden layer, i = 1,..., N

a; — the weights of output neuron, i =1,..., N

©(+) — activation function of hidden layer (e.g. sigmiod)
Activation function of output neuron is linear

Then:
F(x1,...,xpr) represents the output of a multilayer perceptron with
one hidden layer
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Neural Interpretation of UAT. lllustration

Input Hidden Layer OQutput
Layer Layer

Input #1 —
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Network Architecture Activation Functions
Mathematical Model

UAT and MLP

The universal approximation theorem states that a single hidden
layer is sufficient for a multilayer perceptron to compute an
approximation to a function represented by a set of observations:

<x§1), ...,xs\}[);a(l)) o = =M, 20 = (xgl), ...,a:g&[))

(a;(ln), ...,x%});a(”)> o™ — f(m(”)), 2" = (a:(ln), ,JUEZ))

But the theorem does not say that a single hidden layer is an
optimal approximation (in the sense of searching the unknown
parameters, ease of implementation, etc.)

The UAT is an existence theorem and almost useless in practise
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Network

Training Problem

How to Build MLP?

re X f UG@K\ L(F,(SL‘,(T))
(unknown) b d
F F(z)
(MLP)

How to choose number of hidden layers, number of neurons,
activation functions and the parameters of neurons (synaptic
coefficients and biases)?

Neural models are build in a data-driven manner

If we want to build a model we need a some accuracy measure.
Accuracy measure must represent the concordance between the
model and the object (or process) under modelling
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Loss Function

zeX f ce¥ . L(F(z0)
(unknown) b d
F F(z)
(MLP)

Definition

Loss function (cost function) L(F, (z,0)) € RT is some measure of
predictive inaccuracy of model F at (z,0) € 2" X ¥

When comparing the same type of loss among many models, lower
loss indicates a better model

The best value: L(F, (x,0)) = 0 (means no error on z € .Z")
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

MLP Training Problem

Given:

2 ={(zW, W), ..., (), c(™)} — available data sample
, A T
() = (xgz), ,x%}) — i-th input vector, i = 1,...,n

) ) \NT
o) = (a](f), ...,a}?) — i-th target vector, i = 1,...,n

Problem:
The training of MLP is the minimization of mean loss over data
sample Z:

E(w) = ii L (F (;n@,a(i))) — min
=1

The training of MLP is a kind of optimization problem with
objective function E(w). To resolve it optimization techniques are
used
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Training Problem

Types of Problems

Loss Function
MLE Problem and MLP Training
Backpropagation Algorithm

@ Classification
f(x) is discrete
9 = {(x(l)’o.(l))’
9 e 2 is i-th sample, i =
o € % is label of ()

, (;,;(n)v a(”))

% ={1,..,K} is a set of class
labels
@ Regression
f(x)is continuous
7 ={(zW, M), ..., («™

()Eﬁf’flszthsample 1—17 .

o) e & is response for x(?)
% = RK is a set of responses

1,n

—~

0 01 0z 03 04 05 06 07 08 03 1

Least.Squares Fit of Data Samples with Noise

Different tasks impose different loss functions

Alexander Trofimov
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Types of Loss Functions

@ Quadratic loss
L(F,(z,0)) = ||F(z) - ol|?

Commonly used for regression tasks (o is continuous)
@ Binary cross-entropy loss

L(F,(z,0)) =—(cInF(z) 4+ (1 —o)In(1 — F(x)))

Commonly used for binary classification tasks (o € {0,1})
@ Multinomial (categorical) cross-entropy loss

K
L(F,(x,0)) = — > opInFy()
k=1

where o = (01, ...,05)7, F(z) = (Fi(2), ..., Fx(z))T
Commonly used for multiclass classification tasks (o is one-hot
encoded class label)
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Quadratic Loss Function

Given:
2 = {(zM, M), ..., (™, (™)} — available data sample

Quadratic loss function:
L(F,(z,0)) = ||[F(z) — o

Mean loss over data sample Z:

E(w) = % iL (F (2@, U<i>)> — izn: Hy(i) G!
=1 i=1

The mean loss E for quadratic loss function is called mean squared
error (MSE)

‘ 2

The vector of parameters w can be estimated using well-known
least squares method (LSM)
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Binary Classification. Statistical Model of Classes

Given:

2 = {(zM,cM), ..., (™, (™)} — available data sample

o € {0,1} — class labels, i = 1,...,n

Statistical model:

Assume that o is drawn from Bernoulli distribution:

S ~ B(1,p(a®, w)), where p(z), w) = P(S; = 1)), w)
P(S; = le(i),w) =1- p(w(i),w)

P(S; = k|2, w) = p(a®, w)¥(1 = p(z®,w)' ", k€ {0,1}
The statistical model is characterized by unknown vector of
parameters w

Given the data sample & the vector w can be estimated using the
well-known statistical maximum likelihood method (MLE)
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Maximum Likelihood Estimation

The sample likelihood:

Negative log-likelihood:

E(w) = — Zn: <a(i) Inp(z®, w) + (1 — W) In(1 — p(z, w))) — min
i=1

E(w) = iH (U(i),p(x(i),w)> — Hgn
i=1

where H (J(i)7p(a:(i),w)) is a cross-entropy between distributions
B(1,0%) and B(1, p(z,w)) (binary cross-entropy)
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Cross-Entropy

Definition

Cross-entropy between distributions p and ¢ is defined as follows:

H(p,q) = H(p) + Dxr(pllq)

where H(p) is the entropy of p, Dk (p||q) is the Kullback-Leibler
divergence of ¢ from p (the relative entropy of p with respect to q)

For discrete case:

—> “pijlogp;,  Drwlpll) =-> p; log*

—> pjlogyg

The sum is over all possible values of distributions p and ¢

Alexander Trofimov Multilayer Neural Networks 30 / 44



Loss Function
Trainine Problem MLE Problem and MLP Training
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MLE Problem and MLP Training

Let's the MLP's output y(z(?), w) to be in range from 0 to 1 (it
can be achieved by using the logistic activation function for the
output neuron)

Then the MLP’s output y(az(i),w) can be interpreted as a
probability p(z(®, w) of the class label 1 for input vector z(%):

y(:c(’),w) = p(:E(l)?w) = P(S’L = 1‘1‘(1),111)

Then, maximum likelihood estimation problem

E(w) =— Zn: (U(i) Iny(z?, w) + (1 — ) In(1 — y(z®, w))) — min

w
i=1

and the MLP training problem with binary cross-entropy loss
function for binary classification are identical problems
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Loss Function
Trainine Problem MLE Problem and MLP Training
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Multiclass Classification. Statistical Model of Classes

Given:
2 = {(zM, M), ..., (™, (™)} — available data sample

o e {1,..., K} —class labels, i = 1, ...,n

Statistical model:
Assume that o is drawn from multinomial distribution:

Si ~ Mu“(1>pl(x(i)>w>a “vpK(x(i)aw))

where pp (2, w) = P(S; = k| w), ke {l,.,K}

, . . . 1 (i) —
Let's re-label: o) := <a§z), ...,O’E;L»)) , al(j) = { 7 K

0, otherwise

So ¢ is a binary vector that contains one 1 at k-th position, other
elements are 0, i = 1,...,n (one-hot encoded vector)
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

One-Hot Encoding. lllustration

One-hot encoding is a process by which categorical variable z with
K variants is converted into a binary vector y that contains one 1
and other elements are 0, such that

r=k<sy=1,y, =0Vi#k, k=1,...,.K

Paris
Rome\ \ Wordv\
Rome = [1l; @ O 0 0z O .5 @]
Barils = [0 Az O 0z 0 0 a5 0

Tealy = [0, 0, 1, 0, 0, Dy « ¥l

France= [0, O, 0, 1, 0, 0, .., 0]

Alexander Trofimov Multilayer Neural Networks
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Loss Function

Trainine Probl MLE Problem and MLP Training

raining Froblem Backpropagation Algorithm

Multiclass Classification. Statistical Model of Classes

Probabilities:

N K . o

P(S; = ol w) = I (pk(xm,w))

k=1

Given the data sample 2 the vector of unknown parameters w can
be estimated using the maximum likelihood method (MLE)

The sample likelihood:
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MLE Problem and MLP Training

Let's the MLP's outputs yl(x(i) w) i (29, w) all to be in
range from 0 to 1 and Z yp(z® w)=1foralli=1,...,n (it can
be achieved by using the softmax activation function for the output
layer)

Then the MLP's output (2, w) can be interpreted as a
probability pk(w(i), w) of the class label & for input vector z(;

yk(x(i),w) = pk(x(i),w) = P(S; = k|x(i),w), k=1,...K

Maximum likelihood estimation problem

n K
=_ ZZU](;) In (2, w) — rr111i)n

i=1 k=1

and the MLP training problem with multinomial cross-entropy loss
function for multiclass classification are identical problems
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Trainine Problem MLE Problem and MLP Training
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MLP Training as an Optimization Problem

The MLP training is an optimization problem with the given
objective function E(w)

How to resolve this problem?

The most popular optimization technique is gradient descent:

w(t+1) =w(r) — aVE(w(r))

T
where VE(w) = (8E(w) : 6E(w)) is a gradient of objective

Oowy *°°" Owm

E(w) at w = (wy, ..., wp,)T, 7 is the iteration

To apply the gradient descent we need to know how to calculate
partial derivatives of E(w) with respect to all MLP's adjustable
parameters from vector w
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MLE Problem and MLP Training
Backpropagation Algorithm

Network Architecture

Training Problem

Training of Single-Layer Perceptron

x1 Y1 Objective:
n
xj ’ =
: Q)ﬂ> " p=1 v

T M YK where E®)(w) is a loss on
sample (z?),0®), p=1,...,n

HEW®) B K op® ayl(f)

iy~ oy 0w
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Training of Single-Layer Perceptron

x1 Y1 Objective:
n
: @i " p=1 b

T M YK where E®)(w) is a loss on
®_' sample (z?),0®), p=1,...,n
K
OEW  NoEW ay oy " h(p))ahff’) _
Owij (= oy Owij" Qwij b owy
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Training of Single-Layer Perceptron

x1 Y1 Objective:
n

T M YK where E®)(w) is a loss on
®_' sample (z?),0®), p=1,...,n
(p) K ® 9 (p) o (p) ah(m
8’[1)1‘]‘ =1 8ykp awij awz] 8w”
OE® _0EW) 1wy 0 _ 0D ) _ )00
Owij — gy®) " 0 70 gp v
where A( P) — 9B _ DE®) f!(h; (P)) is called 'dual’ activation of

(9h(p) 8 (P)
t-th neuron, ¢ = 1 LK
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Chain Rule

Chain rule is a formula for computing the derivative of the
composition of two or more functions:

if z= f(y) and y = g(x), then

dz B dz dy o , o ,
o= 4y de =W @) = g (@)
) 0z " 9z Oy
fz= s Un )y Yi = Gi sy Tm), then — = —_—
if 2= f(y1,,Yn), ¥i = gi(®1, ..., Tpp), then ox; = 2= oy, o,
Forwardpass Backwardpass
€T dL __ dL dz

dr — dz dz
z < zli
dL _ dL

Yy Ay~ dz m,
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Backpropagation Equations

Backpropagation (BP) equations are closed-form expressions for
partial derivatives of loss function E(®) (w) on the sample
(), o)), p =1, ...,n, with respect to any synaptic coefficient or

bias of MLP neurons (Rumelhart, 1986):

3w§j
AL _ OB nPh, =T K
i By,(p) L\"% ) )
Nyt
AP = [ ST AP L) g p@h, 1 =T L1, i = TN,
J=1
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Backpropagation Algorithm

Step 1. Apply the input vector 2(P) from the training set to the
network and forward propagate it to obtain the output vector y®)
Step 2. Using the target vector o(?) compute the loss E(?)

§”)L, s A(lg)L for each output

Step 3. Evaluate 'dual’ activations A
neuron

Step 4. Evaluate 'dual’ activations for each hidden neuron using
backward propagation

Step 5. Evaluate derivatives the loss E?) with respect to each
adjustable synaptic coefficient and bias

Step 6. Repeat steps 1-6 for each pattern (z(?), ¢(P)) from the
training set
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Derivatives of Loss Functions

The backward propagation initiates by the partial derivatives of loss

OE®) HEW®)

function s eees
aygp) ay%’)

with respect to MLP outputs

The derivatives of commonly used loss functions are quite simple

@ Quadratic loss

K
2
B®) = }y® — @I = Y (4~ of?)
k=1

OE® @ o
aylgp) _2(yk _Gk )

where o,gp) € R, y,(cp) eR k=1,...K
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Loss Function
Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Derivatives of Loss Functions

@ Binary cross-entropy loss (K = 1)
E® = —(¢®1ny® 1 (1 - @) In1 — yP))
OE®) o@® 150
@~y 1,
where ¢ € {0,1}, 0 <y < 1
@ Multinomial cross-entropy loss

K
B0 = =3 6 Iny
k=1

oE® oV

Oy,(f) y](f)
where o(P) = (agp), e ag))T is one-hot encoded class label,

(p) K _(p)
O<y, <L k=1,..,K >,y =1
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Quadratic vs Cross-Entropy Loss

The derivatives for a neuron with sigmoid activation function f(h)

For quadratic loss:

OEW) _ 9B oy® onr) _ (4 — @) (1)
dw;  9y® an® dw; ' !

For cross-entropy loss:

OEW _9E® 9y op) [ o) L1 o(P) R
awj 8y(1") Oh(P) 8wj y(P) 1— y(P) J
y®) — o)

= W0 ) ) 2@ = () o)) )
Gl (07— ™) o = (4 =) o}

For quadratic loss the partial derivative daE( ?) contains f'(h®)) that
.7

is close to 0 if neuron's output y®) is close to targets 0 or 1
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Trainine Problem MLE Problem and MLP Training
& Backpropagation Algorithm

Quadratic vs Cross-Entropy Loss. lllustration

Training process Training process
for quadratic loss for cross-entropy loss

Cost|

—= 50 Epoch

For cross-entropy loss the partial derivatives %E—uf) depend linearly

on neuron's error (y(p) — a(p)): the larger the error, the faster the
neuron will learn
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