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Problem Statement

Given:

2 = {(zW,yM), ..., (™, 4™} — available data sample
(D y e ' xw, i=1,.,n

X =RM — feature space, % = {—1,1} — class labels

We consider that y is a response of unknown mapping
F: 2 =%, yO=F@®), i=1,..n

Build:
Hypothesis h € 52, # = {h : h(z), h(z) € #}, that estimates
the unknown mapping F

Assumption:
Class of hypotheses 5 = {h : h(x) = sign p(z,w)},

where ¢(x,w) € R — classification score for object x € 2

w € RE — vector of parameters
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Linear Classifier

Feature vector x = (z0, 1, ...,x37)7 € RMFL 20 =1

Definition

Linear classifier is a classifier that makes the decision h(x) based on
the value of a linear combination of the features xg, ..., z s

Classification score for object z € 2:

SO(IE,U)) =wo+wixr1 + ... FwpyTpy = wa

T

where w = (wq, w1, ..., wpr)" — vector of parameters

Class of hypotheses:
A = {h: h(x) =sign(wy + w1 + ... + wyzp)}

Example:
Normal Bayes classifier with shared covariance matrix

Alexander Trofimov Logistic Regression 3 /32



. P Link Function
Binary Classification Odds Ratio
Learning of Logistic Regression

Probabilistic Classifier

Definition

Probabilistic classifier is a classifier that is able to predict a
probability distribution over a set of classes for the observation
Zo, ..., £pr, rather than only outputting the most likely class that
the observation should belong to

Examples of probabilistic classifiers:
Bayes classifier, logistic regression

Examples of non-probabilistic classifiers:
Support vector machines, LDA

Some non-probabilistic classifiers can be modified to be able to
predict probabilities (e.g., support vector machines)

Logistic regression is a linear probabilistic classifier
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Link Function

Can classification score ¢(x,w) be used as a measure of probability
P(Y =1|x)?

Intuitively:

The greater p(z,w) = the greater probability P(Y = 1|x)
The lower ¢(x,w) = the greater probability P(Y = —1|z)
oz, w)=0=P(Y = —1|z) = P(Y =1|z) = 0.5

To use the classification score ¢(x,w) € (—oo0;00) as a measure of
probability P(Y = 1|z) we need to map it monotonically into [0; 1]

Definition

Link function is a function f : [0; 1] — R which defines relationship
between probabilities P(Y = 1|z) and classification scores ¢(x, w):

p(r,w) = f(P(Y = 1|z, w))
P(Y = l|z,w) = f~(p(z,w))
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Logit Function

PlY =—-1llz,w)=1—p

Logit link function: f(p) = logit(p) = In . fp

P(Y = 1|z,w) = p,

1
I logit function: f~1(p) = si d(p) = ———
nverse logit function: f~ () = sigmoid(p) T

Inverse logit function is a logistic function

Logistic function

0
Classification score
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Probit Function

Probit link function: f(p) = probit(p) = ®1(p)
©
. 1 _ 1 / o’
Inverse probit function: f~*(¢) = ®(p) = N exp 5 du

Inverse probit function is a cumulative distribution function ® of

the standard normal distribution
Standard normal CDF

£0.8
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-5 0 5
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Logit vs Probit Link Functions

Logistic function has slightly flatter tails than the standard normal
CDF, i.e probit curve approaches the axes more quickly than logit
curve

Logit has better interpretation than probit:

. p P(Y = 1|z, w)
= logit(p) =1 =1
p(z,w) = logit(p) = In — Py = e w)
PY =1
The ratio —2— = ( |2, w) is named odds ratio

1—-p PY =-1lz,w)

For logit link function:

The classification score p(x,w) can be interpreted as log odds ratio
for object x € 2~
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Logistic Posteriors

Linear model for classification scores (by assumption):

oz, w) =wlz

Logit link function means linear model for log odds ratio:

p T
1_p—wx

o(z,w) = logit(p) = In

Given z, posterior probability p of positive class:

1 - 1
1 _‘_efcp(w,w) - 1 +e—wa

p = logistic(p(z,w)) =

Inverse logit function is a logistic function: logistic = logit™"

Logit link function means logistic model for posteriors of classes

Have you encountered the logistic posteriors before?
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Odds Ratio for Bayes Classifier

Definitions:

P(Y = k|X = z) = py(k|z) — posterior probability class k
P(Y = k) = py (k) — prior probability of class &

P(X =z|Y = k) = px(x|k) — likelihood of class k

P(X =) = px(x) — evidence of x

p = py(+1|z) — posterior probability of positive class
1 —p = py(—1|z) — posterior probability of negative class

Bayes’ theorem:

px (z|k)py (k)

P =

Log odds ratio:

Py py (+1]x) 1 px (x]41)py (+1)
1—p py (—1|z) px (z]-1)py (—1)

In
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Odds Ratio for Normal Naive Bayes Classifier

For normal naive Bayes classifier with shared covariance
matrix:

k) k) S (zj — myjp)?
x(alk) pr i) =11 ser (=52
J

J

Log odds ratio:

p . py(+1lz)
=In =In
1-p py (=1|z) px(x

px (x| 1)py (+1)
—1)py (1)
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Odds Ratio for Normal Naive Bayes Classifier

For normal naive Bayes classifier with shared covariance
matrix:

k) k) S (zj — myjp)?
x(alk) pr i) =11 ser (=52
J

J

Log odds ratio:

I :lan(-l-l]x):lan(l\ﬂ) v (+1)
L=p py (—1|z) px (z]—1)py (1)
py (+1) T, éﬂexp <_W>
:h’l J

M (x5—mj_1)2
pr DT s o ()

M 2 . 2
o py (+1) n Z (zj — mj\fl) — (zj — mj|+1)
— — 2
py(=1) = 207
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Binary Classlflcatlon

Multiclass Clas

Odds Ratio for Normal Naive Bayes Classifier

1
In P 71npy(+)
1—p py( 1)
M 2 2x] J‘—1+m‘ 1) ( 2$] J\+1+mj|+1)
+Z 202
7j=1
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Odds Ratio for Normal Naive Bayes Classifier

1
P _lnPY(+)
1-p py(—1)
+§: v = 2wymy oy +md ) = (2 = 2wmy g +md )
202
J=1 ’

Jl

71—777

-1 2
py ( o 207
M
= wg + E W;T
=1
2
_ PY(+1 M MM
where wg = In e > = 207
+1 —1 .
w] :]la_igjl’ ] :1,,]\/[

J
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Logistic Regression and Bayesian Classification

Log odds ratio for normal naive Bayes classifier with shared
covariance matrix is linear:
M
P _ wo +ijxj =wlx
p =

In

It means that the posteriors are logistic:
1

Ty —
)= 14 e wie

p = logistic(w
Under assumptions of normal naive Bayesian classification (the
features x1, ..., x s are independent and normally distributed) with
shared covariance matrix the parameters wy, ..., wy; of logistic
regression can be written in closed form

The value w”x can be considered as the classification score ()
for object © € 2~
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Discriminative Approach: Logistic Regression

Logistic model for posteriors:

. p(.’ll', U}) T
z,w) = logit(p(zx,w)) =In ——— =w'zx
¢z, w) = logit(p(z, w)) = p(z, )
=PY =1 = logisti = 1
p(z,w) = P(Y = 1|z, w) = logistic(p(z,w)) = 14ewle
How to estimate parameters wy, ..., wy; from the data, without any
assumptions about underlying distributions?

Discriminative approach: we model directly classification scores
o(z, w) without modelling the underlying joined distribution
fXY(xa y)

Logistic regression realizes discriminative approach: we model
posteriors p(x,w) explicitly related to classification scores (z, w)
via logit link function
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Logistic Model of Classes

= {(zM,yM), ..., (2", (”))} — available data sample
y@ +

5
Assume that y(* is drawn from Bernoulli distribution:
Y; ~ B(1,p(z®, w)), where p(z®, w) = P(Y; = 1|2® w)
P(Y; = 0]z% w) =1 — p(z®, w)
P(Y; = k|2, w) = p(z®, w)*(1 — p(a®, w))! =+
To estimate the vector of parameters w the maximum likelihood
method (MLE) is used

i=1,...,n, soye€{0,1}

Let's re-label: y()

The sample likelihood:

n

LW, ., y™ w) = [[pe?,0)""” (1 - p(a®,w))* ¥ — max

w
=1
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Maximum Likelihood Estimation of Logistic Regression

The sample likelihood:

Negative log-likelihood:

n

E(w) = - Z (y(i) Inp(z?, w) + (1 — y@)In(1 fp(x(i%w))) — min
=1

Logistic model for p(z, w):

1

p(z,w) = logistic(w! z) = PR
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MLE: Optimization Problem

Because of the non-linearity of the sigmoid function, we cannot find
minimum directly and we use gradient descent:

OE(t)
ow '’
agfg) is gradient, t is iteration, 17 > 0 is step size
Derivative of logistic function:
1 dp
p = logistic(yp) =t o p(1—p)
Derivatives of negative log-likelihood:

p)) (1= p)a®
ij:_ E ( )]_(1_y(2))p<1p)ﬂ>
=2 (1009 = (1 =y ) 2 = 3 (0, w) o)
=1

=1
Alexander Trofimov Logistic Regression

w(t+1)=w(t) —n w(0) = w®

where
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ERM Principle for Logistic Regression

Assume % = {—1, 1}
ERM principle:

Logistic loss function:
Lim)=In(1+e™)

where _ ' | | | |
m ((x(l)7 y(Z))a w) = y(l)gD(.fL’(Z)) = y(l)wa(Z)

is a margin of object z, i =1,....,n

Empirical risk:

n

— (DT ()

R*(w):E 1n(1+ey wr )
i=1
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ERM: Optimization Problem
Empirical risk: R*(w) =3 ;In (1 + e‘ymme(i))
* n 1

Derivatives: 4 = o yWeTel) (_y(i)$(i))
- Ow; 1+ e—vOwTz®
i=1

For y() = —1:

OR* <~ e (i) (i) Do)
D S ek M Dy wwer o M DEC

For y(i) =1

aRz NB Y (LI
dw; 1w 0T L R J
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Logistic Regression Learning Problem

Alexander Trofimov Logistic Regression

Derivatives of empirical risk (# = {-1,1}):

ore | L pewal 0 =1
dwi S (pae®,w) — Dl y0 =1
=1

Derivatives of negative log-likelihood (# = {0, 1}):
() () () _
B CORRIN -

> (paWw) —1) 23", y@ =1

ow;
J i=1
i=1

Logistic regression learning problem is empirical risk minimization

with logistic loss function
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Regularized Logistic Regression

If we impose some prior distribution fy7(w) then we define a
regularizer 7(w) = — In fiy (w) (doesn’t depend on data) (see
previous topics)

Regularized empirical risk:
R'(h) = R*(h) + r(w)

The assumption about independent and normally distributed
parameters with zero mean and variance o2 leads to Lo-regularizer:

M
1
r(w) =—1In fyy(w) = %57 wa + const
j=1
Derivatives of regularized empirical risk (% = {—1,1}):
OR'  OR* 1

;wj, jzl,,M

8wj TUJJ
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Problem Statement

Given:
2 = {(zW,yM), ..., (™, 4™} — available data sample

(D y e ' xw, i=1,..,n
X =RM — feature space, % ={1,...,K} — class labels

Assumption:

Class of hypotheses .77 = {h : h(z) = arg rnaxgo(x,wk)},
k=1,K

where o(z,wy) € R — classification score for object = with respect
toclassk, k=1,...,K, x = (vg,21,...,2p7)7 € RMFL g0=1

wy, € RM+1 — vector of parameters associated with k-th class,
k=1,...K

Classifications scores with respect to each class are linear:
T
o(z, wi) = wo, + W1kT1 + ... + WpETy = Wi T

Alexander Trofimov Logistic Regression 22 /32



Softmax Function
Multiclass Classification Learning of Logistic Regression

Relation to Posterior Probabilities

Intuitively:

The greater p(z, wy) = the greater probability P(Y = k|z)
o(x,wi+) = max p(x,w;) = P(Y = k*) = max P(Y = k|x)
k=1,K k=1,K

)

To use the classification scores ¢(x, w1), ..., p(x, wi) € (—00;00)
as measures of probabilities P(Y = 1|x), .. P(Y K|x) we need

to map them monotonically into [0; 1] such as Z P(Y =klz) =
k=1

In multiclass logistic regression to perform this mapping the
softmax function is used:

(p1, -, D) = softmazx(p(x,wy), ..., p(x, wk))
pe=PY =klz), o(z,wp)=wiz, k=1,..,K
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Softmax Function

Definition
Softmax function is a function RX — [0; 1]¥ defined as:

(p1, .-, PK) = SOftmaz(p1, ..., px) < pp = =

Z ePi
i=1

For K =2and p1 = 2, o = —%:

o @ e?/? e=¥/?
SOftmafC (57 _5) - egp/Q + e—(p/?’ etp/2 + 6_90/2

1 e ¥ , , . .
= <1 g e@) = (sigmoid(p), 1 — sigmoid(p)) = (p,1 - p)

Softmax function is a generalization of the sigmoid (logistic)
function for K > 2
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Softmax Function. lllustration

Hard max: Softmax:
(p1,p2) = arg max(p1, ¢2) (p1,p2) = softmax(p1, p2)
1> 2 = (1,0) 01> 2= (p1,p2), 0>p2 >p1 >1
1 < 2= (0,1) 01 < 2= (p1,p2), 0>2p1 >p2>1

0.8
0.6 -

0.2

S 0

2 -5 = ©1

Softmax is a smooth approximation of indicator max function
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Reference Class

(p1, -y Pi) = SOftmaz(p1, ..., oK), @r=wiz, k=1,.,K

K—1
As soon as E pr = 1, px is not independent: px =1 — E D

It means that it is not necessary to learn vector of parameters for
one of classes, e.g. wg, it can be defined as reference

To prove it, add a constant vector C' to all vectors wq, ..., wg:

e(wk+C)T$ ewkaz CTx ew%xeCTx ewkTa:
K T K - K T K
Z e(w+C)Tx Z ewszecT:p eClx Z ewlTac Z ewsz
=1 =1 =1 =1

The result of softmax function remains the same
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Define:

WK-—1 = WK—1 — WK
wg =0

We need only K — 1 vectors of parameters to learn

Posterior probabilities:

ew{x ew;(il:t: 1
P = 1 s PK—1= =~ PK = K1
=1 =1 =1
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Logistic Model of Classes
= {(zW,yM), .. (™, 4™)} — available data sample
Assume that y(® is drawn from multinomial distribution:
Y, ~ Mult(l,pl(x(i),w), ...,pK(x(i),w))
where pi. (29, w) = P(Y; = k|lz(®, w)
Let's re-label: 4 := (yii),. ,y%)) y](:) = {1’ y@ =k

0, otherwise

So y(® is a binary vector that contains one 1 at k-th position, other
elementsare 0, i =1,...,n

Probabilities:
()

K

‘ . . y

P(Y; = k]a:(l),w) = pk(m(’),w) = H <pl(x(z),w)) !
=1
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Maximum Likelihood Estimation of Logistic Regression

To estimate the vector of parameters w the maximum likelihood
method (MLE) is used

The sample likelihood:

n (%)

i=110=1

Negative log-likelihood:
n K ) _
E(w)=— Z ZylZ) Inpy (@, w) — min
i=1 I=1 Y
Logistic model for p(z,w):
(p1(z,w), ..., px (x,w)) = softmaz(w! z, ...,wk_z,0)

where w = (wf, ..., wk _|)isa (K —1)* M matrix of parameters
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MLE: Optimization Problem

Because of the non-linearity of the sigmoid function, we cannot find
minimum directly and we use gradient descent:

OE(t
w(t+1) =wk(t) —n (), wp(0) =w), k=1,.,K—1
ka
where 855}:) is gradient, t is iteration, n > 0 is step size

Derivatives of softmax function:
dpy
(p1, .., PK) = softmax(p1, ..., oK), dor P1(0kt — P)

1, k=1

0, otherwise

is the Kronecker delta

where §,; = {
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MLE: Optimization Problem

Derivatives of negative log-likelihood:

n K
oE 9 @ )
= Y, Inp (2, w)
Owy; Owy; ;; !
K oD w) (6 — pre(®,w))
== Z Z Yi 0) L
=1 1=1 (), w)
n K )
= =33 40 — pr(a, w))al)
=1 =1
=— Z (Z o — (), w) Z yf”) wﬁ”
=1 =1 =1
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Logistic Regression vs Bayesian Classification

Logistic Regression:
@ Assumes the model for posterior probabilities py (y|x) of
classes and trains its parameters
@ Can still be used when the class-conditional densities are
non-normal or when they are not unimodal as long as classes
are linearly separable

Parametric Bayesian classification:

@ Assumes the model for conditional distributions of features
px(z|y) and class priors py (y), the posterior probabilities are
derived using Bayes' rule

@ The assumptions about underlying distributions can be wrong
that leads to classification errors

When data are normally distributed, the logistic discriminant has a
comparable error rate to the parametric, normal-based linear
discriminant
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